We present a parallel study of three variants of the notion of multidimensional quadtrees: quadtrees of Catalan's type, increasing quadtrees, and point quadtrees.
INTRODUCTION
The study of point quadtrees [5, 12, 16] (a generalisation of binary search trees [15] ) leads us first naturally to the study of two other simpler combinatorily less restrictive models: quadtrees of Catalan's type and increasing quadtrees. In order to make comparisons and to simplify the reading of this paper, we will use the same letters to designate corresponding species within our three models.
The first model, called Catalan type quadtrees, is the species T characterized by the following combinatorial equations
T = 1 + A, A = XR(A),
(1.1)
where the "enriching" species R is given by R = (1 + X) 2ct. It is thus essentially an instance of Labelle's R-enriched rooted trees [10] . The second model is the L-species T characterized by the combinatorial equations the considered rooted trees are "increasing" (i.e., the underlying set is already equipped with a total ordering and the vertices are going increasingly from the root to the leaves). We have thus essentially rooted increasing trees in the sense of Leroux and Viennot [13] (see also [1] ).
We present, for these two variants, several combinatorial equations that automatically give (using generating functions) explicit or asymptotic formulas for the probability of having k nodes in a fixed hyperoctant and also the expected value and the variance of the number of leaves.
The third variant of the notion of point quadtree involves d-tuples of permutations by considering the product species T=L ×L ×...×L (dfactors), (1.3) where L is the species of linear orders. The concepts of leaf, node with k children, and weight of a fixed subtree are coded in a different way from the first two models and give other probabilities, expected values and variances. For example, we give several expressions (explicit and recursive) for %,k, the probability that a given subtree of a d-dimensional quadtree of n nodes has k nodes. Among other things we show that
and that these probabilities are related to harmonic numbers
We also give explicit and asymptotic formulas for the expected value of the number of nodes with k children in the bidimensional case, 0 _< k < 4. Table 1 gives examples of point quadtrees with six points for our three models in one and two dimensions and also combinatorial equations associated to each of them in dimension d. We give for each dimension and each model the number of such quadtrees with six points. The number in parentheses in the case of point quadtrees corresponds to the number of permutations in the case of one dimension, and to the number of ordered pairs of permutations in the case of two dimensions that generate the quadtree given as an example. We also let 6 = 2 a. This convention will be used throughout this paper. 
In order to compute (1 +A(x)) ~-1, we make use of the so-called compound version [10] of Lagrange's inversion: The equation
with R(x) = (1 + x) a and F(x) = (1 + x) a-1. We find
where x (m = x(x -1)(x -2)... (x -n + 1) denotes the nth falling factorial power of x. Applying Theorem 1 and Labelle's methods [10] , one obtains the mathematical expectation of the number of leaves in the form
n>_O rt! '
After computations, we obtain the explicit formula
(1
Since the variance of a random variable is given in function of the first two factorial moments /~(~) and ~2, (2) by the formula
we obtain the variance of the number of leaves as follows: We first compute a~ ~'/n!-a~/n! r._a(n -2)
and the variance that we are looking for can be written as
Using Stirling's formula and the Euler-Maclaurin summation formula [8] we deduce the asymptotic results
(2.10) (2.11)
INCREASING QUADTREES
Increasing quadtrees can be viewed as quadtrees of Catalan's type where the n nodes are numbered from 1 to n in such a way that the labels encountered from the root to a leaf constitute an increasing sequence for each leaf. These quadtrees are counted in the following way: We write first ]
T(x) = 1 + A(x) where
Then, solving this differential equation, we find
Using auxiliary L-species analogous to those introduced for quadtrees of Catalan's type, one verifies that fo X 6
After computations, we obtain %,k 1 n=k=0, Proof Just apply the usual techniques of the theory of L-species [13] . where Z = 1 -(6 -1)x. We .obtain, after some computations, the following expected values and variances:
• . (;). (where 6j is Kronecker's delta), (4.6) Proof. Formulas (4.6) and (4.7) are proven in Laforest [12] . Formula It is interesting to note that (4.14) can be rewritten as 1 (n 1)n-1, ( )
and that this last formula can also be established by the combinatorial inclusion-exclusion principle in the following way: Consider a list of d random permutations of the integers 1, 2,..., n (i.e., a random T-structure on the ordered set {1 < 2 < ... < n}). We have to compute the probability that exactly k integers are simultaneously to the left of the "root" are n -i ways to choose these k represented bythe"ls"ofFig. The recursive scheme (4.15) is particularly efficient for constructing tables of %, k,d for a fixed dimension d. We will compute the expected value en, k, d of the number of nodes with k children in a random quadtree of n points in d dimensions using these probabilities.
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To simplify the presentation, let us introduce some notation: For any Proof. Formula (4.17) is well known [7, 9, 12] . One just has to distinguish the case where the root has k children and to use the fact that the 2 e subtrees of the root are independent and of the same nature. The recursive scheme follows immediately using probabilities %,i, a-The co- Flajolet communicated to us [2, 6, 14] that the constant o~ 1 is in fact equal to 2g'(3) (an identity due to Euler). This explains the two different writings for the same asymptotic result. 
